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Abstract
Imprints of spinor–vector dualities have been uncovered in various string constructions. They are
typically induced by changing certain free general GSO phases in the underlying string partition
functions. This paper shows that spinor–vector dualities in six dimensions are constrained by a
fundamental effective field theory consistency condition, namely that any six dimensional low energy
theory must be free of irreducible SO(2N) anomalies. Aspects of spinor–vector dualities are analysed
in four six–dimensional free fermionic models which are distinguished by two generalised GSO phases.
In addition, the constraint on the number of spinors and vectors is confirmed on generic spectra which





Much of the string phenomenology research revolves around the relation between string theories and
their effective low energy field theories. When starting with some effective supergravity theory the
question is, whether it can be lifted to an ultra violet complete string theory or not; the latter is
referred to as the “Swampland Program” (for review and references see e.g. [1]) in contemporary
nomenclature. An alternative approach is to investigate the effective field theory limit of exact string
solutions. String theory provides a perturbatively consistent framework for the synthesis of gravity and
the gauge interactions. Its internal consistency seems to mandate the existence of additional degrees of
freedom beyond those observed in the Standard Models of particle physics and cosmology. The number
of string theories in ten dimensions is relatively scarce, and includes five supersymmetric theories
and eight that are not. Moreover, the supersymmetric versions, together with eleven dimensional
supergravity, are believed to be different perturbative limits of a more fundamental theory, often
dubbed M–theory.
The extra dimensions are compactified on an internal space such that they are hidden from con-
temporary experiments. As the choice of compactifications may be constrained, but is certainly not
fixed, by string theory, there exists a plethora of string theory vacua in lower dimensions. These vacua
can be studied by using exact worldsheet constructions, as well as, effective field theory target space
tools, that explore the low energy particle spectrum of string compactifications. Examples of world-
sheet constructions are free fermionic models [2,3] and toroidal orbifold compactifications [4,5]. These
approaches are, in fact, closely related as particular fermionic formulations of the heterotic–string can
be interpreted as Z2 × Z2 toroidal orbifold compactifications [6, 7]. The study of Calabi–Yau com-
pactifications with vector bundles [8] utilises various effective field theory and cohomology methods.
Using any of these approaches a strong effort has been made to construct low energy models which get
surprisingly close to the Minimal Supersymmetric Standard Model: See refs. [9–14] for free fermionic
constructions, refs. [15–18] for orbifold realisations and refs. [19–27] for smooth compactifications,
respectively.
Even though the space of low energy vacua of string theory is huge, there may exist symmetries that
underlie the entire space of vacua in lower dimensions. Indeed, exact worldsheet string theories exhibit
a rich symmetry structure which arises due to the exchange of massless and massive modes. Mirror
symmetry may be considered as a prime example of symmetry between lower dimensional vacua [28,29].
It was observed initially via the exact worldsheet CFT constructions with profound implications for
the geometrical spaces that are utilised in the effective field theory limits [30]. It has been suggested
that mirror symmetry is related to T–duality [31]. In toroidal orbifold compactifications T–duality
arises due to the exchange of the moduli of the internal six dimensional compactified manifold [32].
The fermionic Z2×Z2 orbifold led to the observation of a new duality in the space of heterotic–string
compactifications, dubbed spinor–vector duality: Models are related to each other by exchange of a
number of spinorial plus anti–spinorial representations by the same number of vectorial representations
of underlying SO(12) or SO(10) GUT groups in models with N = 2 or N = 1 spacetime supersym-
metry, respectively [33–36]. The spinor–vector duality was initially observed by simple counting [34],
using the classification tools developed in [33, 34, 37] for the heterotic–string with unbroken SO(10)
GUT symmetry. These cases were shown to arise due to the exchange of certain discrete generalised
GSO phases in the free fermionic formulation [34, 36], or due to discrete torsions in a toroidal orb-
ifold constructions [38,39]. The spinor–vector duality observed in Z2 × Z2 orbifold compactifications
generalises to exact string solutions with interacting internal CFT [40].
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Just as mirror symmetry has profound implications for the internal manifolds in the effective field
theory limits of string theories, the spinor–vector duality is anticipated to have similar such imprints
in the space of heterotic string vacua. Furthermore, it suggests the existence of symmetries on the
internal manifolds together with the vector bundles that correspond to the gauge degrees of freedom
in the heterotic–string. It is imperative to understand how the modular properties that underlie
the worldsheet string constructions constrain the effective field theory limits. At the very least, we
expect the spinor–vector duality to provide a useful probe of the moduli spaces of the (2, 0) string
compactifications.
Outline of our main finding
This paper makes a modest step in this direction by exploring the realisation of the spinor–vector
duality in compactifications of the heterotic–string to six dimensions. Even though this case provides a
particularly controlled setting, because supersymmetry requires the two dimensional complex manifold
to be essentially unique, albeit, realised in various ways both as T 4/ZK orbifolds or generic K3
geometries, it seems to have been omitted in the literature on the spinor–vector duality as far as
we are aware. Our investigation of the spinor–vector duality makes use of both the string theory
worldsheet tools as well as the effective field theory techniques. One central requirement on any
effective field theory is that it is free of anomalies. Irreducible anomalies need to be absent entirely,
while reducible anomalies may be compensated by some variant of the Green–Schwarz mechanism. If
the effective field theory contains an SO(2N) gauge group factor (immaterial of whether in the hidden
or the observable sector), cancellation of its irreducible anomalies leads to a linear relation between the
number of vectorial states and the sum of spinorial and conjugate spinorial representations constraining
the possible realisations of any spinor–vector duality in six dimensions. Besides confirming this relation
with many results in the literature, this relation is shown to be fulfilled in six dimensional models
obtained from the free fermionic formulation with various choices of discrete generalised GSO phases.
In addition, we confirm this result for any smooth K3 compactification with arbitrary line bundle
gauge backgrounds.
Outline
Our paper is organised as follows: To set the stage Section 2 provides a brief overview of the spinor–
vector dualities in four dimensional models emphasizing that they are typically induced by changing
generalised GSO phases. Section 3 turns to six dimensional effective theories and establishes a linear
relation between the number of vectorial and the sum of spinorial and anti–spinorial representations.
Section 4 considers a particular free fermionic construction of models in six dimensional target space.
Even though, both gauge groups and spectra strongly depend on the choices of two generalised GSO
phases, the constraint on the number of SO(2N) vectors and spinors is always respected. Finally,
Section 5 considers generic smooth K3 realisations with line bundle gauge backgrounds. Using the
six dimensional multiplicity operator, generic formulae to count the total number of vectorial and the
number of (conjugate) spinor representations are both expressed in terms of the instanton number in
the observable E8. As expected, also in all these cases the linear relation on the number of vectorial
and spinorial states is respected.
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2 Glancing overview of the spinor–vector duality
This section gives a brief overview of some aspects of the spinor–vector duality in four dimensional
Z2×Z2 toroidal string vacua. The spinor–vector duality may be readily understood by considering the
case in which an SO(10)×U(1) symmetry is enhanced to E6. In this case the string compactification
possesses an (2,2) worldsheet supersymmetry. The representation of E6 are the chiral 27 and anti–
chiral 27, which decompose as
27 = 16+1/2 + 10−1 + 1+2
27 = 16−1/2 + 10+1 + 1−2
under SO(10) × U(1). If one now counts the sum of the number of all (16)– and (16)–plets NS and
total number of (10)–plets NV , it is obvious that in this case NS = NV . Thus, the point in the moduli
space in which the symmetry is enhanced to E6, is a self–dual point under the spinor–vector duality.
This is similar to the case of T–duality on a circle, in which at the self–dual radius under T–duality
the gauge symmetry is enhanced from U(1) to SU(2).
Away from the self–dual point the E6 symmetry is broken to SO(10) × U(1) and the worldsheet
supersymmetry is broken from (2, 2) to (2, 0). In general the E6 symmetry is broken in the toroidal
orbifold models by Wilson lines, or by some discrete phases, whereas in the fermionic language they
may appear as generalised GSO phases in the one–loop partition function. The spinor–vector duality
states that for any string vacuum, in which E6 → SO(10) × U(1), with NS (16)– plus (16)–plets and
NV (10)–plets, there exist a dual vacuum in which NV ↔ NS . This may be realised concretely as a
map between two Wilson line backgrounds in the two dual models. Moreover, as the free fermionic
heterotic–string vacua correspond to the Z2 × Z2 orbifolds, they contain three twisted sectors each
preserving an N = 2 spacetime supersymmetry. The spinor–vector duality can then be realised in
each twisted sector separately, i.e. it can be realised in models that possess N = 2, rather than N = 1,
spacetime supersymmetry [35]. In the N = 2 vacua the enhanced symmetry at the self–dual point is
E7, which is broken to SO(12) × SU(2) away from the self–dual point, and the spinor–vector duality
is realised in terms of the relevant representations of E7 and SO(12) × SU(2) [35].
Further insight into the structure underlying the spinor–vector duality is revealed by breaking
the untwisted NS symmetry from SO(16)× SO(16) to SO(8)4 and generating the SO(10) or SO(12)
symmetries by enhancements [35]. This is obtained by defining four modular basis vectors for the free
fermionic formulation with four non–overlapping sets of four periodic fermions. In this case a Z2 twist
that acts in the internal dimensions breaks one SO(8) symmetry to SO(4)2. The modular basis vector
which is charged under this SO(8) acts as a spectral flow operator, in a similar way to the spectral flow
operator that mixes between the spacetime supersymmetric multiplets on the supersymmetric side of
the heterotic string. In the (2,2) vacua with enhanced E6 (or E7) symmetry, this modular basis vector
acts as a symmetry generator of the enhanced symmetry and exchanges between the SO(10) × U(1)
components inside the E6 representations. When the E6 symmetry is broken to SO(10) × U(1), this
spectral flow operator induces the map between the dual Wilson lines and hence between the two
spinor–vector dual vacua [35,39].
In a bosonic representation of the spinor–vector duality [38, 39] the map between the dual vacua
results from an exchange of a discrete torsion. For one choice of the discrete torsion, the zero modes
of the untwisted torus in the N = 2 twisted sector are attached to the spinorial characters of the GUT
group, whereas for the other choice they are attached to the vectorial character. The choice of discrete
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torsion can be represented as the choice of the Wilson line background. In the vacua possessing N = 2
spacetime supersymmetry the mapping between the dual Wilson lines is continuous [39], whereas in
those possessing N = 1 it is discrete, as the moduli which allowed the continuous interpolation in the
N = 2 case are projected out.
3 Constraint on the number of spinorial and vectorial states
This section shows that in any six dimensional N = 1 supersymmetric effective field theory with
the numbers of vectors NV and of spinors NS (of either chirality) of some SO(2N) gauge group are
constrained by an anomaly condition to
NV = 2
N−5NS + 2N − 8 , (1)
for N ≥ 3 . This result is derived under the assumption that the effective field theory in six dimensions
possesses at least N = 1 supersymmetry (i.e. N = 2 supersymmetry in four dimensions) and the only
SO(2N) charged states in the spectrum are hyper multiplets in the vector and spinor representations
and a gauge multiplet in the adjoint. In particular, the effective theory may contain other gauge
interactions with matter in arbitrary representations. If a hyper multiplet in the vector or spinor
representations is also charged under other gauge groups, then the dimension of these representations
are contained in the numbers NV and NS . The validity of (1) can be checked for many six dimensional
models in the literature. For example, all the perturbative and non–perturbative six dimensional
orbifold and line bundle resolution models mentioned in [41] and [42] all fulfil this equation.
3.1 Irreducible SO(2N) anomaly in six dimensions
To derive the equation (1), recall that gauge and gravitational anomalies in 6D are dictated by anomaly
polynomials I8 eight-forms [43,44]. For charged fermions the anomaly polynomial takes the form:




where the rooth–genus Â(R2) as a function of the curvature two–form R2 encodes gravitational anoma-








depends on the field strength two–form F2 of the gauge theory and on the representation R the fermions
are in. For an effective theory to be consistent, all irreducible gauge and gravitational anomalies have
to cancel among themselves. (Reducible anomalies may be cancelled by some variant of the Green–
Schwarz mechanism [43, 45].) This goes in particular for irreducible SO(2N) anomalies which is the
sole focus of this section.
In six dimensions irreducible SO(2N) anomalies, proportional to trV (iF2)
4 (where the trace is over
the vector representation of SO(2N)), are possible and therefore their sum need to vanish. Derivations
of relevant trace identities are recalled in Appendix A. In light of the assumptions on the effective
six dimensional supersymmetric theories under investigation, there are only three contributions to the
irreducible SO(2N) anomalies to be considered:
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This is obtained directly by expanding the Chern character to fourth order. Here, ⊃ indicates
that only irreducible SO(2N) anomalies are considered, ignoring gravitational, other gauge and
(mixed) reducible anomalies.





























This result is derived in (A.34). The minus sign out front is due to the fact that the gauginos
in six dimensions have the opposite chirality as the hyperinos.
































A derivation of this result can be found in (A.43).
The total irreducible SO(2N) anomaly is the sum of these three contributions. It only vanishes if the
sum of their pre–factors do, which is precisely condition (1).
4 Six Dimensional Free Fermionic Models
4.1 Generalities of free fermionic description
The six dimensional heterotic string is described in terms of 16 left–moving and 40 right–moving two
dimensional real fermions in the free fermionic formulation in the light–cone gauge [2, 3, 46]. The
string models are defined by specifying different phases picked up by fermions (fA, A = 1, . . . , 56)
when transported along the non–trivial cycles of the vacuum–to–vacuum amplitude. Each model
corresponds to a particular choice of fermion phases consistent with modular invariance that can be
generated by a set of NB basis vectors B = {va, a = 1, . . . , NB}, where each
va = {αa(f1), . . . , αa(f56))} ,
dictates the transformation properties of each fermion
fA → −e
iπαa(fA) fA , (7)
A = 1, . . . , 56 . It is important to emphasise that the free fermionic formalism is identical to the
free bosonic formalism, i.e. to toroidal orbifold compactifications, which follows from the equivalence
of bosons and fermions in two dimensions. The two formulations are therefore describing the same
physical object, albeit using different language and tools. While detailed dictionaries exist [7], trans-
lating a model from one representation to another can often be non–trivial. Each formalism carries
its advantages and are in that respect complementary. In the free fermionic formalism all the moduli
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are taken a priori on equal footing and there is minimal structure, or not at all, to begin with. This
has the advantage that some discrete torsions, for which some implicit choice has been made in orb-
ifold constructions, are revealed at a very basic level in fermionic models. On the other hand, in the
toroidal orbifold models there is a clearer distinction between the internal and the Wilson line moduli
facilitating making contact with the smooth effective field theory limits in this approach.
The basis vectors generate a space Ξ which contains 2NB sectors that produce the string spectrum.
Each sector arises as a combination of the basis vectors
β =
∑
nava, na = 0, 1 . (8)
The spectrum is truncated by generalised GSO projections whose actions on a string state |state〉β
are given by






where |state〉β is a state with the vacuum defined by the worldsheet fermions that are periodic in the
sector β with possibly fermionic oscillators acting on it, which are counted by F , the fermion number
operator, and δβ = ±1 is the spacetime spin statistics index. Different choices for unfixed generalised
GSO phases affect the states that remain massless in each of the sectors containing these basis vectors.
In particular, some vectors act as projectors on some states, and do not merely fix some U(1) charges
of periodic fermions, when there is no overlap of periodic fermions between the basis vectors. Hence,




= ±1 consistent with modular invariance give rise to
different models. In summary: a model is defined uniquely by a set of basis vectors va, a = 1, . . . , NB




, a > b .
4.2 Four free fermionic T 4/Z2 orbifold models
After this general outline of constructions of six dimensional target space model, the focus is now
on a collection of basis vectors B which may be interpreted as T 4/Z2 orbifolds. To facilitate we
divide the two dimensional free fermions in the light–cone gauge as follows: ψ1,...,4, χi, yi, ωi (real
left–moving fermions) and ȳi, ω̄i (real right–moving fermions) with i = 3, . . . , 6 labeling the real torus
directions and ψ̄1,...,6, η̄2,3, φ̄1,...,8 (complex right–moving fermions). The models under investigation
are generated by a basis B
B = {v1, v2, . . . , v5} ,
of NB = 5 basis vectors defined as:
v1 = 1 = {ψ
1,...,4, χ3,...,6, y3,...,6, ω3,...,6 | ȳ3,...,6, ω̄3,...,6; ψ̄1,...,6, η̄2,3, φ̄1,...,8} ,
v2 = S = {ψ
1,...,4, χ3,...,6} ,
v3 = z1 = {ψ̄
1,...,6, η̄2,3} , (10)
v4 = z2 = {φ̄
1,...,8} ,
v5 = b1 = {ψ
1,...,4, y3,...,6 | ȳ3,...,6; ψ̄1,...,6} .
The inclusion of the vector 1 in the additive group is mandated by the modular invariance constraints.
The vector S is the spacetime supersymmetry generator. The basis vectors z1 and z2 identify the
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observable and hidden sectors, respectively. The vector b1 corresponds to the Z2 twist in the corre-
sponding T 4/Z2 toroidal orbifold model on the SO(8) lattice. In addition, for later use we define the
linear combination
e = 1 + S + z1 + z2 = {y
3,...,6, ω3,...,6 | ȳ3,...,6, ω̄3,...,6} , (11)
which e.g. induces a map between the periodic worldsheet fermions {y3,4,5,6|ȳ3,4,5,6} → {ω3,4,5,6|ω̄3,4,5,6}
when mapping b1 to b1 + e .









β α 1 S z1 z2 b1
1 −1 1 −1 −1 −1
S 1 1 −1 −1 1
z1 −1 −1 1 ±1 −1
z2 −1 −1 ±1 1 ±1





















= ±1 . These free generalised GSO phases can be
translated to discrete torsion phases in the bosonic formalism.
4.3 Gauge groups
The gauge symmetry generated in the vacuum that contains the {1, S} basis vectors is SO(40) . This















= −1 the vector bosons arising from the sectors z1 and z2 are projected out and the gauge
symmetry remains SO(8)×SO(16)×SO(16). The inclusion of the final basis vector b1 breaks N = 2
six dimensional supersymmetry to N = 1: The chirality of the gauginos and hyperinos are left– and
right–handed corresponding to an even/odd number zero modes ψµ0 on their string vacuum states,
respectively. Furthermore the basis vector b1 reduces the gauge symmetry generated by the NS–sector
alone to
SO(4)ȳ3,...,6 × SO(4)ω̄3,...,6 × SO(12)ψ̄1,...,6 × SO(4)η̄2,3 × SO(16)φ̄1,...,8 , (13)









= 1 the gauge group enhancement depends




. The resulting gauge groups for the choices of the two free
generalised GSO phases are summarised in the top two rows of Table 2.
4.4 Hyper multiplet representations










= ±1 affect, in particular, the states that
remain in the spectrum as massless hyper multiplets. To illustrate this focus for example on spinorial
and vectorial representations under the SO(12) GUT group. The spinorial representations arise from
the sectors b1 and b1 + e, whereas the vectorial representations arise from the sectors b1 + z1 and
b1 + e + z1. For example, the explicit generalised GSO projections in the b1 and b1 + z1 sectors are
given by:
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{ψ̄1,...,6, φ̄1,...,8}|b1 + z1〉
)
,
respectively, where the { } brackets refer to the fermionic oscillators that act on the vacuum in the
b1 + z1 sector. As there is no overlap of periodic fermions between b1 and z2, it can be inferred from
(9), that the z2 basis vector either projects out the spinorial states from the sector b1 altogether or
keeps them all in. Given that φ̄1,...,8 are periodic in z2, whereas ψ̄
1,...,6 are anti–periodic, the z2 basis
vector selects the vectorial states from the sector b1 + z1. Similar projections operate in the sectors
b1 + e and b1 + e+ z1 using the e–vector (11).








are displayed in Table 1.
We omitted there the multiplicities that arise from oscillators of the internal fermions {ȳ, ω̄}3,...,6 .
Thus, we only list states that transform under the observable SO(12) and hidden SO(16) group












The degeneracy with respect to the internal worldsheet fermions {y, ω | ȳ, ω̄} is identical in the spinorial
sectors b1, b1 + e and the vectorial sectors b1 + z1, b1 + e + z1. Hence, the counting with respect to
the internal fermions is identical for the spinorial and vectorial representations. The sector z1 induces
the so–called x–map of refs. [36, 47].
Table 2 summarises the complete massless spectrum in the four models that arise due to the four










. The sector S gives rise to hyperinos in the (1, 1, 12, 4, 1) represen-






z1 sectors enhance the observable gauge symmetry to E7, states in S + z1 expand this representation



















Gauge SO(4)×SO(4)× SO(4)×SO(4)× SO(4)×SO(4)× SO(4)×SO(4)×
Symmetry E7 × SU(2) × SO(16) E7 × SU(2)× E8 SO(12)×SO(4)×SO(16) SO(12)×SO(4)×SO(16)
Sector Hyper Multiplet Representations
S (4, 4, 1, 1, 1) (4, 4, 1, 1, 1) (4, 4, 1, 1, 1) (4, 4, 1, 1, 1)
(1, 1, 12, 4, 1) (1, 1, 12, 4, 1)
S ⊕ (S + z1) (1, 1, 56, 2, 1) (1, 1, 56, 2, 1)
S + z2 (1, 1, 1, 1, 128)
b1 (2L, 1, 32, 1, 1)
(2R, 1, 32, 1, 1)
b1 ⊕ (b1 + z1) (2L, 1, 56, 1, 1)
(2R, 1, 56, 1, 1)
b1 + z1 (2L, 1, 1, 2L, 16) (2L, 1, 12, 2, 1) (2L, 1, 1, 2L, 16)
(2R, 1, 1, 2L, 16) (2R, 1, 12, 2, 1) (2R, 1, 1, 2L, 16)
(2L, 4, 1, 2, 1) (2L, 4, 1, 2, 1)
(2R, 4, 1, 2, 1) (2R, 4, 1, 2, 1)
b1 + e (1, 2L, 32, 1, 1)
(1, 2R, 32, 1, 1)
(b1 + e)⊕ (1, 2L, 56, 1, 1)
(b1 + e+ z1) (1, 2R, 56, 1, 1)
b1 + e+ z1 (1, 2L, 1, 2L, 16) (1, 2L, 1, 2R, 16) (1, 2L, 12, 2L, 1)
(1, 2R, 1, 2L, 16) (1, 2R, 1, 2R, 16) (1, 2R, 12, 2L, 1)
(4, 2L, 1, 2, 1) (4, 2L, 1, 2R, 1)
(4, 2R, 1, 2, 1) (4, 2R, 1, 2R, 1)
SO(12) Self–dual by Self–dual by NV = 12 NV = 12
NV = 2NS + 4 E7 enhancement E7 enhancement NS = 4 NS = 4
SO(16) NV = 16 NV = 8 NV = 8
NV = 8NS + 8 NS = 1 NS = 0 NS = 0
Table 2: The six dimensional gauge group and massless matter depend the choices of the free gener-










. Only the sectors are indicated that lead to non–vanishing hyperino
states to form hyper multiplets in target space.
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4.5 Spinor–vector duality aspects



















= −1 the symmetry is enhanced from
SO(16) to E8. Nevertheless, the total number of massless degrees of freedom is maintained. This is a
manifestation of the phenomenon discussed in [38,39] that under such maps, induced by the changes
of discrete torsions in the partition function, the organisation of the number of degrees of freedom
under the spacetime group factors may change, but the total number of massless degrees of freedom
is preserved.




= −1 the gauge symmetry is not enhanced. The corresponding models in the final
two columns exhibit the spinor–vector duality map, induced by the discrete change in (15). Albeit
these two cases are, in fact, self–dual under spinor–vector duality, i.e. they contain an equal number of
twisted spinorial and twisted vectorial representations of the SO(12) GUT group, merely the SO(12)
chiralities of the spinorial states of these two models are opposite.
The final rows of Table 2 confirm condition (1) for these four six–dimensional free fermionic models.
As can be inferred from this table, in all cases this condition is satisfied for both SO(12) and SO(16).
The condition is automatically satisfied for E7, as the 56 → (32, 1)+(2, 12) is self–dual when branched
to SO(12) representations.
5 Smooth K3 Line Bundle Models
5.1 K3 Geometries
In four dimensions there is topologically just a single geometry that preserves supersymmetry, the so–
called K3 surface. Particular geometrical descriptions of K3 can be obtained as orbifold resolutions [48].
In the discussion below such an interpretation is neither necessary nor implied. Depending on the set
of independent divisors {Dα} labelled by α chosen the geometry may appear different. This work refers
to divisors as two dimensional hyper surfaces as well as the associated two–forms interchangeably so
that the context dictates how they should be interpreted. The intersection numbers

















is given by the integral over its second Chern class c2 . Here R2 is the anti–Hermitian holomorphic
curvature two–form.
5.2 K3 Line Bundles
The U(1) gauge background encoded as an anti–Hermitian Abelian gauge field strength two–form can
be expanded in terms of the divisors as: [49, 50]
F2
2π
= Dα Hα , Hα = V
I
α HI , (18)
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where the sums over the basis divisors labelled by α and over the Cartan generators labelled by I are
implied. The Cartan generators HI of E8×E8 are normalized such that trHIHJ = δIJ . The embedding
of the line bundle background is therefore characterized by sixteen component line bundle (embedding)
vectors Vα = (V
I
α ). (For translations to other characterizations see e.g. [27,42].) Often it is convenient





α both have 8 entries.
The fundamental consistency requirement of such backgrounds is determined from the integrated
Bianchi identity tr(F22 )− tr(R
2






β = 24 . (19)
Using the splitting of the line bundle vectors in contributions in both E8’s this condition may be
written as
c+ c′ = 24 , c = 12 καβ
~V ′α · ~V
′
β , c
′ = 12 καβ
~V ′α · ~V
′
β , (20)
introducing the instanton numbers c and c′ in the first and second E8. (If non–perturbative compacti-
fications involving five–branes are considered the sum of the instanton numbers no longer need to add
up to 24.)

















= 12 καβ HαHβ − 2 . (21)
This operator counts the number of fermions in a given representation and its sign determines the six
dimensional chirality of the underlying fermionic states: It equals −2 on gaugino states, hence the
multiplicity operator in six dimensions can be used to determine the gauge group unbroken by the
line bundle background directly. The multiplicity operator N is positive on hyperinos as they have
the opposite chirality in six dimensions as gauginos. Hence, if positive, it counts the number of hyper
multiplets in a given representation of the gauge group.
5.3 Counting the Number of SO(10) Vector, Spinor and Singlet States
Consider line bundle vectors such that the first E8 in the ten dimensional gauge group is generically
broken to SO(10) :
Vα = (~Vα)(~V
′












α , of these bundle vectors are sufficiently
general that the unbroken gauge group indeed contains an SO(10) factor which is not enhanced to a
larger (exceptional) gauge group. By evaluating the multiplicity operator on all of the weights of the
first E8 leads to Table 3.
It follows from Table 3, that the total number NV of (10)–plets only depends on the instanton










~Vα · ~Vβ − 6 = c− 6 . (23)
Similarly, the total number NS of (16)– and (16)–plets also only depends on c :








~Vα · ~Vβ − 8 = c− 8 (24)
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E8 Weight SO(10) Repr. Multiplicity
±(0, 0, 0,±12, 03)(08) (45) −2
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(16)
































































































Table 3: The SO(10) spectrum of gauge and hyper multiplet of a class of line bundle models. The
hyper multiplet states are in the vector (10), spinor (16) or (16) or singlet (1) representations of SO(10)
arising from a single E8 .
12
Consequently, it is straightforward to verify, that (1) is fulfilled,
NV −NS = (c− 6)− (c− 8) = 2 , (25)
for N = 5 . Notice that in this case, even for the total number of singlets N(1) coming from the fist














~Vα · ~Vβ − 12 = 4 c− 12 (26)
Hence the SO(10) spectrum is completely fixed in terms of the instanton number c of the first E8.
These results hold in particular, if one assumes that the line bundle vectors only have non–zero entries
in the first E8, i.e. ~V
′
α = 0, and hence c = 24 :
NV = 24− 6 = 18 , NS = 24− 8 = 16 , NV −NS = 2 , N(1) = 4 · 24− 12 = 84 . (27)
5.4 Counting the Number of SO(2N) Vectors and Spinors
This exercise can be generalised to line bundle vectors that have 1 ≤ n ≤ 8 non–zero entries in the
observable E8, i.e. ~Vα = (V
1
α , . . . , V
n
α ) and the rest in the second E8. The resulting gauge group is











= c− 2n . (28)




















= 2n−3(c− 8) , (29)






) for x ≤ [n/2]
}
; 2n−1 in
total. In the second step it is used that all the cross terms with different entries of the vectors ~Vα





remain. (This result can easily be verified directly for the cases n = 1, 2.) Notice that the expressions
(28) and (29) provide lower bounds on the instanton number: c ≥ 2n or c ≥ 8, which ever is the
strongest, otherwise the number of vectors or spinor become negative (which is impossible).
The multiplicities of vectors (28) and spinors (29) satisfy the condition (1) of vanishing irreducible
SO(2N) anomalies. Indeed, inserting these expressions in this condition leads to:
NV − 2
N−5NS = c− 2n − 2
N−5 2n−3(c− 8) = 8− 2n = 2N − 8 , (30)
using that n = 8−N .
6 Conclusion
Understanding the relationship between exact string theories and their effective field theory limit is
of intense contemporary interest. The main effort is aimed at addressing the question when does
13
an effective field theory of quantum gravity have an embedding in string theory, and when it does
not. The approach explored in this paper aimed to study this relationship in the opposite direction.
Namely, the goal was to study the imprint of the spinor-vector duality, which was observed in exact
string solutions, in the effective field theories resulting from four dimensional compactifications.
The hallmark of string theories are their various duality symmetries, among them mirror symmetry,
which arises due to the interchange of complex and Kähler moduli of the internal six dimensional
compactified manifold. In a specific realisation of mirror symmetry it was demonstrated due to
exchange of a discrete torsion between the two orbifold twists of a Z2 × Z2 orbifold [51]. In addition
to the moduli of the internal six dimensional compactified manifolds, heterotic–string theories contain
moduli that arise from the gauge degrees of freedom, i.e. the Wilson line moduli. Similar to the
discrete torsion that exist between the orbifold twists, there are also discrete torsions associated with
the Wilson line moduli.
The spinor–vector duality operates by the exchange of the Wilson line moduli. It is a remarkable
transformation because seemingly from the point of view of the effective low energy field theory the
dual vacua have entirely different physical content, e.g. one may contain a number of spinors of the
underlying GUT group, whereas the other may contain the same number of vectors. However, from the
point of view of string theory the two vacua are related by the spinor–vector duality transformation.
The origin of the duality at the string level is clear. In the string theory massless and massive modes
are exchanged in the dual vacua. Furthermore, the total number of degrees of freedom is preserved in
the duality transformations [38,39].
Mirror symmetry has profound implications on the mathematical properties of complex manifolds.
Be it mirror symmetry, or the spinor–vector duality espoused in this paper, the basic question being
explored can be phrased as “What is the imprint of the modular properties of the worldsheet realisation
of string vacua in their effective field theory limit?”. The string duality symmetries imply the existence
of a structure in the space of string vacua, which is obscured from the point of view of the effective
field theory limits. Following the worldsheet description may provide guidance to unravel this web of
hidden connections.
In this paper we investigated the presence of spinor–vector dualities in the compactifications to six
dimensions in the worldsheet description as well as in the effective field theory representation. These
cases are particularly interesting to explore because of their rather restrictive nature. It is found that a
spinor–vector duality also operate in these cases, albeit being self–dual under the spinor–vector duality
map. The reason for this constraint could be traced to a fundamental consistency condition of any six
dimensional effective field theory, namely that it needs to be free of irreducible gauge anomalies.
A SO(2N) Trace Identities
In order to make this paper self–contained this appendix derives a number of trace identities used
in the anomaly analysis presented in Section 3. Most of the results presented here are known in the
literature on anomalies, see e.g. [44, 52,53] and textbooks like [54,55].
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A.1 Traces in the vector representation
In the vector representation, denoted by V , the Hermitian SO(2N) gauge field strength two–form F2




























for certain two–form eigenvalues F I2 labeled by I = 1, . . . , N . Taking the trace over the vector







for k ≥ 1; trV (1) = 2N .
A.2 Traces in the adjoint representation
The adjoint Ad = [V ]2 of SO(2N) is the two times anti–symmetrisation of the vector representation
V . In general, the Chern character of a two times anti–symmetrised representation [R]2 is related to










By expanding this relation to fourth order leads to the identity
trAd(iF2)







A.3 Traces in the chiral spinor representations
To obtain trace identities for SO(2N) spinor representations S± it is convenient to have an explicit
basis for the spin–generators of SO(2N). Like in the vector representation V , one may assume that




2σ3 ⊗ 12 ⊗ · · · ⊗ 12 , . . . ΣN = 12 ⊗ · · · ⊗ 12 ⊗
1
2σ3 . (A.35)
obtained from N times tensor products of the Pauli matrices σi. The SO(2N) chirality operator Γ̃ can




, Γ̃ = σ3 ⊗ · · · ⊗ σ3 . (A.36)
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for N ≥ 3. (For N = 2: Σ1Σ2 = Γ̃/4; for N = 1 the second term does not exists. These case are













= 2N−1 , (A.38)
over 2N × 2N spinor matrices.








































































































This important result can also be found in [44].
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